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Fig. 4 Mass-averaged stagnation-pressure ratios developed from the
predictions in Fig. 3.

of the duct flow is processed by oblique shocks, whereas the
remainder encounters a normal shock wave.

One of the advantages of estimating the stagnation pressure
losses due only to the flow across shocks is that experimental
measurements of the overall P, drop (which normally include
viscous and inviscid contributions) can be better understood.
This may help in the design of inlets of hypersonic flow
situations where the source of the viscous contribution is
difficult to evaluate. (Of course, the shock exists due to the
action of viscous forces, but for our purposes the stagnation
pressure drop across the shocks can be considered as an invis-
cid contribution to the overall stagnation loss in the duct.) In
addition, if the shock-related contribution turns out to be
much larger than that attributable to viscous effects, the de-
signer could introduce methods for minimizing the scale of the
shock system (in particular the size of the normal shock) since
the largest P, drops occur there.

As an example, Fig. 3 illustrates the predicted stem heights
for freestream Mach numbers of 2.8 and 5.0, and comparison
is made with certain unpublished data of Hornung and
Robinson.!2 Figure 4 is a graph of the resultant P, ratio across
the duct as a function of the shock-angle difference 8—(Gy.

The wedge angles corresponding to the incident shock an-
gles shown in Fig. 3 may be rather large for practical hyper-
sonic diffusers. However, the angles shown may be ap-
proached during vehicle maneuvering or other transients, and
thus the estimates described here may then apply.
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Transonic Computations on a
Natural Grid
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Introduction

N an earlier paper,' the authors have shown that the von

Mises transformation provides a convenient computational
domain for the finite difference solution of transonic full-po-
tential flows. The resulting natural grid system consists of the
streamlines ¥ =const and the Cartesian coordinate lines
x =const, where ¥(x,y) is the stream function. In this (x,¥)
system, the computational domain is rectangular, and the
coordinate curves ¥ = const are ‘‘body-fitting,”’ thus eliminat-
ing the need to develop a body-conforming grid system using
numerical grid generation techniques. It can be shown that
transonic full-potential flow is governed by!
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where y = y(x,¥) is the equation defining the von Mises trans-
formation and p is the density. Equation (1) may be viewed as
a grid generation equation, but actually it represents the phys-
ical condition of irrotationality. This equation is solved for the
geometrical unknown y(x,¥), and hence we may consider
Eq.(1) as tieing together the flow geometry and the flow
physics. The pressure coefficient is related to p by

20" —1)
C="
Y Mo

ViV — 2V + (L+ y)yey 6))

3

Received May 8, 1989; revision received Nov. 9, 1989. Copyright ©
1990 by the American Institute of Aeronautics and Astronautics, Inc.
All rights reserved.

*QGraduate Student, Department of Mathematics and Statistics.

fProfessor, Department of Mathematics and Statistics; Director,
Fluid Dynamics Research Institute.



OCTOBER 1990

Equations (1) and (2) have been solved in Ref. 1 using the
artificial density method developed by Hafez et al.? Excellent
results have been obtained, for both subcritical and supercrit-
ical flows, on relatively coarse grids. As the grid is refined,
various parameters involved in the artificial density method
must be adjusted to achieve convergence. For a NACA 0012
airfoil at M, =0.8, the finest grid for which convergence can
be obtained provides approximately 30 surface grid points.
Problems occur in the calculation near the airfoil surface in
the supersonic region.

Reformulation

In this Note, we present a simple scheme to overcome the
aforementioned grid refinement problem. First, one can easily
show that the differential operator on the left-hand side of Eq.
(1) is always elliptic, even for mixed flows. This appears to be
the main source of difficulty when the grid is refined. In view
of this, the terms on the right-hand side of Eq. (1) should be
incorporated into the differential operator. This can be done
by evaluating p, and py from Eq. (2), substituting into Eq. (1)
and rearranging to give’

2 Mi 2 _
Y e Yir =2V VeV + (1 + Y )ee =0 4

This equation is mixed type, elliptic in subsonic regions, and
hyperbolic in supersonic regions.

In von Mises coordinates, the boundary conditions associ-
ated with flow past a symmetric airfoil y =f(x), 0<x =<1, at
zero angle of attack are Dirichlet type and are given by y =¥,
p=1 at infinity and, on ¥ =0,

{f(x)
y =

0 if —0=x=<0 orl=sx<om 5)

if0=sx=<1

Equations (2) and (4) can be solved using the type dependent
differencing scheme proposed by Murman and Cole.* Other
schemes, such as artificial viscosity or density, can also be
used.

Results and Discussion

Calculations based on Eq. (4) were performed for a variety
of airfoils, and results are presented for a NACA 0012 airfoil
at M, =0.63 and 0.8 in Figs. 1 and 2. All results have been
obtained on a clustered grid as in Ref. 1, yielding 60-70 grid
points on the airfoil upper surface.

For the subcritical flow illustrated in Fig. 1, the present
method, Garabedian and Korn’s method,® and Sinclair’s field
panel method® give essentially identical results. An example of
a supercritical flow is shown in Fig. 2, comparing our results
with solutions obtained by Garabedian and Korn and by Sin-
clair, which are also based on nonconservative formulations,
and the results of Jameson and Yoon,” obtained from
FLOG66A code, based on solution of the conservative Euler
equations by a multigrid method. Our method, even though
nonconservative, accurately predicts both the shock location
and strength, perfoming better than Sinclair’s method in the
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Fig. 1 Surface pressure coefficient, NACA 0012, M., =0.63.
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Fig. 3 Convergence history for y.

shock region and better than the methods of Sinclair and
Garabedian and Korn aft of the shock.

As is well known, conservative schemes guarantee shock
waves in which mass is conserved, but not momentum, while
nonconservative schemes do not conserve either mass or mo-
mentum. Many researchers therefore believe that conservative
schemes are necessary to capture shocks accurately. Others,
on the other hand, believe it is better to use a nonconservative
scheme that allows for some mass production, thereby provid-
ing a more accurate model of a shock wave as an isentropic
jump. While not restricting ourselves to either school of
thought, we point out that even though our formulation is
nonconservative, it does guarantee mass conservation, even
across shock waves, by introducing the stream function. Fur-
thermore, our Eq. (4) is actually an equation that generates the
grid (streamlines) rather than providing a physical quantity
like the velocity potential. An attractive feature of the von
Mises formulation is that the equation that generates the grid
is obtained from the flow equations and hence provides a
natural grid for computation of the flowfield.

The convergence history for y is presented in Fig. 3. A
straightforward line relaxation scheme was used, and the error
damps out fairly rapidly for subcritical flows. As is expected,
convergence is more difficult to achieve for supercritical flow.
A strategy similar to that employed by Wigton® has been used
to prevent any drastic changes between iterations in the den-
sity in the supersonic region. Furthermore, we also note that
slight variations in density produce relativley large variations
in y so that the error in y oscillates considerably before finally
dropping to 10~* at about 300 iterations. Undoubtedly, con-
vergence can be improved by employing an acceleration
scheme such as Generalized Minimal Residual.?

Calculations using the von Mises formulation for nonsym-
metric airfoils and nonzero angles of attack have recently been
carried out using Eq. (1) rather than Eq. (4). Again, coarse
grid solutions show good agreement with the results of other
researchers, but fine grid calculations fail to converge.? These
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calculations are currently being repeated using Eq. (4), and it
is expected that accurate fine grid solutions can be achieved.
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Introduction

HE novel formulation termed the ‘‘integrated force

method’” (IFM) has been established in recent years for
analysis, and design of structures.'”® In the integrated force
method of analysis, a structure idealized by finite elements is
designated as ‘‘structure (n,m)’’ where (n,m) are the force
and displacement degrees of freedoms of the discrete model,
respectively. The structure (#n,m) has m equilibrium equations
and r= (n—m) compatibility conditions. The generation of
the equilibrium equation is straightforward. The generation of
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the compatibility condition is intricate. We have introduced ,
the concepts to generate compatibility conditions in Refs. §
and 6. The earlier work was confined to 1) field compatibility
conditions only and 2) structure types considered were limited
to frame works and plates but not their combinations. The
distinct features of this Note from earlier publications are 1)
both field and boundary compatibility conditions are ex-
amined, 2) different element types are used in the finite ele-
ment idealization, and 3) a key feature termed ‘‘node deter-
minancy”’ has been introduced. The node determinancy con-
cept enables elimination of nodes of a discrete model at the in-
termediate stage of the generation of compatibility conditions,
which in turn reduces the complexity of the deformation
displacement relations. This process enhances computational
efficiency.

The two key equations of IFM are Eq. (1) calculation of
forces, and Egs. (2), calculation of displacements of a struc-
ture (n,m)!3:

(B] P .
e i e or, [SIFI={P}* (1)

where [B] is the (/X n) equilibrium matrix, [C] the (rxn)
compatibility matrix, [G] the (n x n) concatenated flexibility
matrix, {P} the m-component load vector, {6R} the r-
component effective initial deformation vector,
{oR} = —[C]{By}, where, {B,} is the n-component initial
deformation vector, and [S] the (nxn) governing matrix.

Displacements {X} are obtained from the forces {F} by
back substitution:?

(X) = IGIE] + [Bdl | (2a)

where [J] is the (mxn) deformation coefficient matrix
defined as

[J1=mrowsof [[S]']7T (2b)

In this Note, the generation of the compatibility matrix [C] is
presented in brief.

Strain Formulation of St. Venant
The strain formulation of St. Venant is illustrated taking the
example of a plane stress elasticity problem. The strain
displacement relations of the problem can be written as

du v du v
e/\’ = , Ey = y 7xy =

ay

+ 3
ay ax 3)

In Eq. (3), three strain components (g, €,, and v,,) are ex-
pressed in terms of two displacements (u, v).Thus, there is a
constraint on strains, which is obtained by the elimination of

the displacements. This constraint is the compatibility condi-
tion, which has the following form:

d%¢, N 3%, _ 34y
ay?  ox? axdy

=0 “4)

The two steps of strain formulation of elasticity are as
follows:

Step 1. Establish the strain displacement relations [Eq.
3)1.

Step 2. Eliminate displacements from Eq. (3) to obtain the
compatibility condition, Eq. (4).

Compatibility Conditions of Finite Element Analysis

St. Venant’s fomulation for elastic continua has been ex-
tended to finite element analysis to generate discrete com-
patibility conditions. In the first step, the deformation
displacement relations of a finite element analysis (which are



